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Macroscopic cylinder- and helix-shaped deformation domains were observed in NiTi polycrystalline
shape memory alloy tubes during the phase transition under uniaxial quasi-static isothermal stretching.
Further experiments showed that the occurrence of cylinder or helix domain and its subsequent isother-
mal evolution strongly depend on the domain volume, tube wall-thickness and loading history. This
paper studies the energetics of the cylindrical and helical domains using an elastic inclusion model. It
is demonstrated that the total misﬁt strain energy of an equilibrium domain in tube essentially depends
on two nondimensional length scales: the normalized effective domain length and the normalized wall-
thickness. Based on such understanding, we quantify the length scale dependence in the energy of the
equilibrium cylindrical and helical domains. The energetic preference of each type of domain is predicted
and the critical condition for the helix? cylinder domain transition is established.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Due to its unique biocompatibility, shape memory and super-
elastic properties, NiTi shape memory alloy (SMA) tube has ob-
tained many important applications in the medical device
industry, ranging from catheters to superelastic needles, from
small-scale self-expanding endovascular stents to other implant-
able structures (see, for example, Otsuka and Wayman, 1998;
Yoneyama and Miyazaki, 2009). In these various applications, a
comprehensive knowledge of the thermomechanical behavior of
the material is needed. Research on the deformation of NiTi tubes
started only in recent years (among many others, see Lim and
McDowell, 1999; Siddons and Moon, 2001; Li and Sun, 2002; Sun
and Li, 2002; McNaney et al., 2003; Matsui et al., 2004; Ng and
Sun, 2006; Feng and Sun, 2006, 2007; Wang et al., 2007a,b; Robert-
son and Ritchie, 2007; Favier et al., 2007; Schlosser et al., 2007;
Eaton-Evans et al., 2008; Grabe and Bruhns, 2008a,b, 2009; He
and Sun, 2009a,b, 2010; Zhang et al., 2010; Zhou, 2011). The study
was partially motivated by the rapid growth of mechanical engi-
neers’ interest in NiTi tubes and the related devices which are sub-
jected to a wide range of loading conditions in service, and partially
motivated by our curiosity about the particular domain formation
and evolution in the complex polycrystalline system, its nonlinear
and multi-ﬁeld coupling origins and the resulting meso-structures
and the length scales (see Leo et al., 1993; Bruno et al., 1995; Shield
et al., 1997; Shaw and Kyriakides, 1995, 1997; Tobushi et al., 1998;
Iadicola and Shaw, 2004; Vitiello et al., 2005; Pieczyska et al., 2006;
He and Sun, 2010; Zhang et al., 2010; Zhou, 2011). From a purell rights reserved.
+852 23581543.academic point of view, the tube conﬁguration is also an interest-
ing and convenient system in investigating the phase transition
behavior of the material.
One of the key aspects in the phase transition behavior of the
NiTi tube under tension is the self-organized formation of a macro-
scopic localized transformation domain (band) and its subsequent
evolution. Recent experiments revealed a dramatic difference in
the domain morphology between thick-walled and thin-walled
tubes (as shown in Fig. 1) even under a very slow, isothermal
stretching (the applied nominal strain rate is 4  105 s1). In the
thin-walled tubes (with the wall-thickness to mean radius ratio
t/R < 0.3), it is ﬁrmly shown that during stretching the initial
homogeneous deformation of the austenite phase suffers instabil-
ity and self-organizes itself into a mixture of a high-strain band
(of martensite phase) which inclines about 55 to the loading axis
and a low-strain matrix (austenite phase). The band grows along a
spiral trajectory on the tube surface and soon becomes a helix
(Fig. 1(a)). As the transformation proceeds, domain topology tran-
sition (via self-merging) and interface branching of the helical
band have been observed and documented (Li and Sun, 2002;
Sun and Li, 2002; Feng and Sun, 2006, 2007; He and Sun, 2009b;
Zhou, 2011). While in thick-walled tubes under the same loading
condition, the nucleated domain prefers a cylindrical shape instead
of a helix and the reversible phase transition of the tube is realized
through the growth and shrinkage of a cylinder-shaped band
(Fig. 1(b), also see Ng and Sun, 2006; Zhou and Sun, 2010; Zhou,
2011). Preliminary study on the helical domain evolution in thin-
walled tube conﬁgurations (He and Sun, 2009b; Zhou and Sun,
2010) showed that the competition of domain front energy and
bending energy of the tube plays an important role in the observed
isothermal equilibrium domain evolution. Based on thin-wall
Fig. 1. Typical domain morphologies observed in superelastic NiTi tubes: (a) helical
domain in thin-walled tube corresponding to state (I); (b) cylindrical domain in
thick-walled tube corresponding to state (II).
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relationship among the number of helical coils, tube geometry,
martensite volume and other material parameters is established.
It is shown that the front energy favors a short helix while the
bending energy favors a slim helix. The prediction of the derived
scaling law agrees well with experimental data of thin-walled
tubes (He and Sun, 2009b; Zhou and Sun, 2010). For thick-walled
tubes, it is expected by intuition that, as the wall-thickness in-
creases, the front energy may become dominant (over the bend-
ing energy term) in the total energy of the system and a cylinder
domain will be preferred energetically. However, the physical
origin of the above tube wall-thickness dependent domain selec-
tion remains to be understood and a systematic modeling effort
is still needed to quantify the observed size-dependence of
domain morphology and the helix? cylinder morphology
transition.
There are two issues of importance in the isothermal phase
transition behavior of tubes: (1) the macroscopic nominal
stress–strain response of the tube; (2) the selection and evolu-
tion of domain morphology in the tube. For the ﬁrst issue, a long
tube can be simpliﬁed as a 1D structure and the key features of
the macroscopic domain nucleation stress and the stress plateauof domain growth (as shown in Fig. 1) can be well captured by
the 1D approach (among many others, see Abeyaratne and
Knowles, 1993; Shaw and Kyriakides, 1998; Dai and Cai, 2006;
He and Sun, 2009a). For the second issue addressed in the above,
a detailed theoretical investigation based on 3D elasticity is
necessitated since the domain morphology involves complex
interaction among tube geometry, material property, loading his-
tory in the energetics of the tube. In general, the topic of domain
pattern and selection during phase transition covers quite broad
academic ﬁelds, from mechanics, condensed matter physics to
material science (Langer, 1980; Cross and Hohenberg, 1993;
Gollub and Langer, 1999). Domain selections widely exist in
phase transformation systems under thermodynamic non-
equilibrium conditions and involving complicated interaction
and coupling of physical processes with different time and
length scales (Nicolis and Prigogine, 1977; for SMAs, see Shaw
and Kyriakides (1995, 1997) and the recent work of Zhang
et al. (2010), He and Sun (2010) and Zhou (2011)). For the selec-
tion of equilibrium domains under the simplest quasi-static iso-
thermal loading considered here, we can basically ignore the
time scales and focus on length scales only. In that situation,
critical issues which must be addressed and clariﬁed in the anal-
ysis include the following. Firstly, a clear deﬁnition of the front
energy of domain and bending energy in thick-walled tubes
must be given as in the case of the thin-walled tubes. Secondly,
the tube geometry, domain volume and shape strongly inﬂuence
the energetics of the system and we have to quantify the energy
of the domain from a three-dimensional point of view . Thirdly,
in order to understand the occurrence of different domain pat-
terns, a quantitative knowledge on the preference between the
cylindrical and helical domains is required. Finally, for the poly-
crystalline NiTi SMA considered in this paper, the martensite do-
main consists of almost fully transformed grains whose
statistical average transformation strains (eigenstrains) under
uniaxial tension are 5%, 2.5% and 2.5% in axial, radial and cir-
cumferential directions respectively and are constants of the
material. Thus the domain can be treated approximately as an
elastic inclusion. Moreover, the domain in tubes is a special type
of inclusion, since it is not fully constrained by the austenite
matrix and can be treated as a non-classic inclusion (Zhong
et al., 2000; Yu et al., 2004). The theoretical principle and
method used to solve the problem is the same as that of a clas-
sic inclusion-matrix system (Mura, 1987). In summary, to under-
stand the size-dependent domain pattern and selection, we have
to quantify the size-dependence of the system energy.
The objective of this paper is to study the equilibrium domain
selection in tubes through an inclusion model. We focus on the
energetics of the helical and cylindrical domains in tubes of dif-
ferent thickness and aim to explain the dependence of domain
morphology on the tube wall-thickness and the martensite
volume. For the long tube geometry considered in most experi-
ments we quantify the misﬁt strain energy due to the presence
of the domain and reveal the important effect of the length
scales in the domain evolution. The paper is organized as fol-
lows. In Section 2, the general expressions of strain energy of
a cylinder or a helix domain in a long tube is formulated by
modeling the domain as a 3D elastic inclusion. In Section 3,
the energy expressions of a cylindrical domain in tubes are de-
rived and discussed. The bending energy and front energy terms
are deﬁned for both thin-and thick-walled tubes. Simple scaling
laws of the two energies are obtained. In Section 4, the energy of
a helical domain is formulated and discussed. In Section 5, the
energetic preferance of domains and domain transition between
helix and cylinder in tubes are discussed. The conclusions are
given in Section 6.
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Consider a long cylindrical tube (L0 R) with the tube length L0,
uniform mean radius R and wall-thickness t in the cylindrical coor-
dinate system (see Fig. 2). The tube contains a cylindrical or helical
martensite domain X of volume VX with constant axisymmetric
(with respect to z-axis) eigenstrain epij (with non-zero components
epr ; eph and e
p
z Þ. The elastic constants of the domain and the matrix
are assumed to be isotropic and are the same (with Young’s mod-
ulus E and Poisson’s ratio v). For most shape memory alloys, the
volume change in phase transformation is ignorable and these
nonzero components can be written as
epr ¼ eph ¼ ep1 < 0; and epz ¼ ep2 ¼ 2ep1 > 0: ð1ÞRemark 1. In real martensitic transformation in SMA, the Young’s
modulus of martensite is usually less than that of austenite, so
exactly speaking the martensite should be treated as an inhomoge-
neous inclusion problem (Mura, 1987). In the present experiments,
as shown in Fig. 1, the elastic moduli in loading the austenite phase
and in unloading themixture of austenite andmartensite phases are
very close to each other, so the elastic constants of the domain and
the matrix can be treated as the same. The assumption in Eq. (1) is
based on the experimental measurement of the statistical average
strainsofnumerousgrains in the fully transformedregion (see Li and
Sun, 2002). We should notice that a possible texture might inval-
idate the assumption of two equal components of the transforma-
tion strain. Moreover, in real polycrystalline material, the
transformation strain (or volume fraction of martensite) may
change continuously but rapidly across the domain front (i.e., the
boundary zone). In other words, the domain front has a ﬁnite
thickness. Here the constant or uniform transformation strain
assumption is used mainly for the purpose of simplicity.
Consider the case of displacement controlled loading of the tube.
The total free energy change due to the presence of a domain of
martensite phasemainly consists of chemical andmechanical parts.Fig. 2. The martensite domain morphology in the tube ge2.1. Chemical free energy
The change in chemical free energy during transformation
arises from the difference in Gibbs free energy between austenite
and martensite phases. Taking the austenite phase as the reference
state, the total change in chemical free energy due to the thermo-
elastic martensitic transformation is
DUchem ¼
Z
V
DudV ¼ VX  DuðTÞ ¼ 2pRt  LM  DuðTÞ; ð2Þ
where LM = VX/(2pRt). We should notice that LM is the martensite
band length for a cylindrical domain and is the effective domain
length for a helical domain (see Section 4). Du(T) is the chemical
free energy density difference between two phases. It only depends
on the temperature and T can be approximated as a linear function
of around the equilibrium temperature T0:
DuðTÞ ¼ uMðTÞ uAðTÞ ¼ kðT  T0Þ; ð3Þ
where k is a constant determined by the experiments.
2.2. Elastic strain energy
We ﬁrst consider the case when the tube is free from any exter-
nal force and surface constraint, the elastic strain energy of the
tube due to the presence of a martensite domain can be generally
expressed as
U ¼ 1
2
Z
V
rij eij  epij
 
dV ; ð4Þ
where eij and rij are the strain and stress due to the presence of a
martensite domain. For inﬁnitesimal deformation considered in this
paper, the strain eij can be expressed in terms of the displacement ui
as eij ¼ ðui;j þ uj;iÞ=2. And rij ¼ Cijkl ekl  epkl
 
in which Cijkl are the
elastic constants.
Integrating by parts we obtainZ
V
rijui;jdV ¼
Z
S
rijuinjdS
Z
V
rij;juidV ¼ 0; ð5Þometries: (a) cylindrical domain; (b) helical domain.
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condition) in V, where S is the boundary of V and ni is the exterior
unit vector normal to S. Therefore, we have (see Mura, 1987)
U ¼ 1
2
Z
X
rijepijdV : ð6Þ
When the tube containing an inclusion is additionally subjected
to external displacement-controlled stretching, the displacement
ﬁeld is the sum of ui and u0i , where ui is due to the eigenstrains pre-
scribed in the inclusion X and u0i is the displacement in the homo-
geneous case (with zero eigenstrains in X). The elastic strain
energy (Helmholtz free energy) of the system is
U ¼ 1
2
Z
V
r0ij þ rij
 
u0i;j þ ui;j  epij
 
dV ; ð7Þ
where r0ij ¼ Cijklu0k;l. Since rij,j = 0 in V and rijnj = 0 on S, the integra-
tion by parts givesZ
V
rij u0i;j þ ui;j
 
dV ¼ 0: ð8Þ
It is also seen thatZ
V
r0ij ui;j  epij
 
dV ¼ 0; ð9Þ
since r0ij ui;jepij
 
¼Cijklu0k;l ui;jepij
 
¼u0k;lrkl¼riju0i;j and
R
V riju
0
i;jdV¼0.
Therefore, the elastic strain energy of the system can be ex-
pressed as
U ¼ 1
2
Z
V
r0iju
0
i;jdV 
1
2
Z
X
rijepijdV ; ð10Þ
in which the ﬁrst term corresponds to the elastic strain energy in
the homogeneous case (with zero eigenstrains inX) and the second
term corresponds to the elastic misﬁt energy due to the presence of
a martensite domain X. For convenience, in the following the ﬁrst
and second terms are named as Uext and Uel, respectively.
For the uniaxial tension of a long tube (with the end displace-
ment u0), we have
Uext ¼ 2pRt  L0  E2 ðe0  eÞ
2
; ð11Þ
where e0 = u0/L0 is the applied nominal strain and e ¼ epz  LM=L0 is
the nominal transformation strain.
The elastic misﬁt energy Uel due to the presence of martensite
domain can be further written as
Uel ¼ 12 rre
p
r þ rheph þ rzepz
 
VX; ð12Þ
where rr; rh and rz denote the average of stress rr, rh, rz, respec-
tively over the inclusion X:
rr ¼ 1VX
Z
X
rrdV ; rh ¼ 1VX
Z
X
rhdV ; rz ¼ 1VX
Z
X
rzdV : ð13Þ
For the purpose of convenience, we deﬁne two energy terms:
Us ¼ 12 rhe
p
h þ rzepz
 
VX; Ur ¼ 12 rre
p
r VX; ð14Þ
so that
Uel ¼ Us þ Ur : ð15ÞRemark 2. Nominally, Ur represents the strain energy term due to
the misﬁt strain epr along the wall-thickness direction, and Us
represents the strain energy term due to the misﬁt strain eph and e
p
z
where eph causes an overall necking of the tube wall and therefore
the bending strain energy. It is easy to prove that epz has no
contribution to the elastic misﬁt energy for either cylindrical orhelical domain (Zhong et al., 2000; Yu et al., 2004). For the thin-
walled tubes, we can show in the following that Ur physically
represents the front energy of the domain (He and Sun, 2009b) and
Us represents the bending energy of the tube as deﬁned in the
elementary theory of elasticity.3. Energy of a cylindrical domain
Here we outline the solution techniques for the cylindrical
inclusion problem. As shown in Fig. 3(a), the interfaces between
the inclusion (martensite phase) and the matrix (austenite phase)
are perpendicular to the z-axis and therefore the displacement
component uh vanishes and ur, uz are independent of h. The nonzero
strain components are
er ¼ @ur
@r
; eh ¼ urr ; ez ¼
@uz
@z
; erz ¼ 12
@ur
@z
þ @uz
@r
 
: ð16Þ
The corresponding stress components can be given by
rr ¼ E1þ m
m
1 2m ðe e
pÞ þ er  epr
 h i
;
rh ¼ E1þ m
m
1 2m ðe e
pÞ þ eh  ephð Þ
h i
;
rz ¼ E1þ m
m
1 2m ðe e
pÞ þ ez  epz
 h i
;
rrz ¼ E1þ m erz; for jzj <
LM
2
;
rr ¼ E1þ m
m
1 2m eþ er
h i
;
rh ¼ E1þ m
m
1 2m eþ eh
h i
;
rz ¼ E1þ m
m
1 2m eþ ez
h i
;
rrz ¼ E1þ m erz; for jzj >
LM
2
; ð17Þ
where e = er + eh + ez and ep ¼ epr þ eph þ epz .
Moreover, the stress components in the inclusion and the ma-
trix satisfy the following equations of equilibrium:
@rr
@r
þ @rrz
@z
þ rr  rh
r
¼ 0; @rrz
@r
þ @rz
@z
þ rrz
r
¼ 0: ð18Þ
Substituting Eq. (17) into Eq. (18), we obtain the Navier equa-
tions for the displacements:
1
1 2v
@e
@r
þr2ur  urr2 ¼ 0;
1
1 2v
@e
@z
þr2uz ¼ 0; ð19Þ
where r2 = @2/@r2 + 1/r  @/@r + @2/@z2.
The stress-free boundary conditions on the inner and outer sur-
faces are
rr ¼ rrz ¼ 0; for r ¼ R t2 : ð20Þ
The solution of the stress and strain energy in the tube can be
decomposed into the solutions of two sub-problems as shown in
Fig. 3(b) and Fig. 3(c). In sub-problem I, the domain is subject to
the traction p ¼ Eep1=ð1 mÞ > 0 on its inner and outer surfaces
to guarantee there is no radial deﬂection of the tube. In the
sub-problem II, the tube deforms under the pressure p ¼
Eep1=ð1 mÞ > 0 prescribed on the inner and outer surfaces
which has the same magnitude but opposite direction as those
in sub-problem I. The detailed procedures are described in
Appendix A and the readers are referred to the works by Zhong
et al. (2000), Sun and Zhong (2000) and Yu et al. (2004) for more
details. The solution of the original problem is given by Eq. (A12)
in Appendix A.
Fig. 3. A tube with a cylindrical martensite inclusion and the decomposition of the original problem into two sub-problems: (a) original problem; (b) sub-problem I; (c) sub-
problem II.
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domain length L0M , average stresses r0r; r0h; r0z and energies
U0s; U
0
r as follows:
t0 ¼ t
R
; L0M ¼
LM
R
; r0r ¼ 
rr
Eep1
; r0h ¼ 
rh
Eep1
; r0z ¼ 
rz
Eep1
;
U0s ¼
Us
2pRt  R  E ep1
 2 ; U0r ¼ Ur2pRt  R  E ep1 2 : ð21Þ
The average stress components (Eq. (A12) in Appendix A) can be
written in nondimensional form as
r0r ¼
1
1 mHr L
0
M; t
0 ; r0h ¼ 11 mHh L0M ; t0 ; r0z ¼ 0; ð22Þ
where
Hr L
0
M ; t
0  ¼ 1þ 4
t0L0M
Z 1
0
½q1ðkÞG21ðkÞ þ q2ðkÞG22ðkÞ
þ q3ðkÞG23ðkÞ þ q4ðkÞG24ðkÞ sin2
kL0M
2
 
dk;
Hh L
0
M ; t
0  ¼ 1þ 4
t0L0M
Z 1
0
½q1ðkÞG41ðkÞ þ q2ðkÞG42ðkÞ
þ q3ðkÞG43ðkÞ þ q4ðkÞG44ðkÞ sin2
kL0M
2
 
dk:
Using Eqs. (14) and (21), the dimensionless misﬁt energy U0s and
U0r can be expressed as
U0s L
0
M; t
0  ¼ L0M
2ð1 mÞHh L
0
M; t
0 ; ð23aÞ
U0r L
0
M; t
0  ¼ L0M
2ð1 mÞHr L
0
M; t
0 ; ð23bÞ
so that
U0el L
0
M; t
0  ¼ U0s L0M; t0 þ U0r L0M; t0 : ð24ÞThe physical meaning of the above energy terms are discussed
in the following by comparing with the elementary solutions from
shell theory and dimensional analysis for thin-walled tubes.
In elementary theory, the axisymmetric deformations of a very
thin-walled tube are decomposed into two parts as shown in Fig. 4:
(1) the overall radial necking w1 (with wmax1 ¼ RephÞ along the r-
direction that can be realized by exerting uniform pressure
pout1 on the outer surface of the tube (see Fig. 4(b)). This over-
all radial necking will lead to the misﬁt bending energy
Ubending according to the elementary theory of elasticity
(e.g., see Timoshenko and Woinowsky-Krieger, 1959; Cook
and Young, 1999);
(2) the relative deformation w2 of the tube wall to the mid-sur-
face (withwmax2 ¼ tepr =2Þ that can be realized by exerting uni-
form pressures pin2 and p
out
2 on the inner and outer surfaces of
the tube, respectively (see Fig. 4(c)). This relative deforma-
tion will create the domain front energy Ufront.
The resultant misﬁt strain energy Ubending and Ufront (due to the
misﬁt eph and e
p
r respectively) are mainly stored in the transition re-
gions of different sizes (ls and lr, respectively, as shown in Fig. 4)
around the domain fronts. It is seen that U0bending / ls=R and
U0front / lr=R. The calculation of U0bending and U0front for thin-walled
tubes are shown as follows.
From the bending analysis of a thin cylindrical shell in elemen-
tary theory (see Cook and Young, 1999), the bending energy U0bending
of the tube stored over two regions of total length 2ls can now be
explicitly expressed as
U0bending L
0
M ;t
0 ¼ðt0Þ1=2
4b
1þebðt0 Þ1=2L0M sinbðt0Þ1=2L0Mebðt
0 Þ1=2L0M cosbðt0Þ1=2L0M
h i
;
ð25Þ
where b = [3(1  v2)]1/4.
We notice that most experimentally observed cylindrical
domains have a band length L0M that is larger than 2. So the
Fig. 4. The decomposition of the thin-walled tube deformation: (a) the original deformation; (b) the overall radial necking w1 of the mid-surface; (c) the relative deformation
w2 of the tube wall to the mid-surface.
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(t0)1/2/(4b) and could be omitted. Therefore the misﬁt bending
energy U0bending for an equilibrium cylindrical domain is only the
function of t0 (independent of L0MÞ and can be simply expressed as:
U0bendingðt0Þ ¼
1
4b
 ðt0Þ1=2: ð26Þ
For the purpose of comparison, the variations of U0bending (Eqs.
(25) and (26)) and U0s (Eq. (23a)) with the martensite band length
L0M and the wall-thickness t
0 are plotted in Fig. 5. It is seen that
the values of U0s coincide almost exactly with those of U
0
bending in
Fig. 5(a). Also, we can see from Fig. 5(b) that the plateau values of
misﬁt energy U0s coincide with the values of U
0
bending and show a lin-
ear proportionality to (t0)1/2 (see Eq. (26)). Therefore, for thin-walled
tubes, we can conclude that the misﬁt energy U0s physically repre-
sents the bending energy for an equilibrium cylindrical domain.
The front energy U0front of a cylindrical domain can be simply
analyzed by a dimensional analysis. The total front energy is
Ufront = 4pRt  c where c is the front energy density per unit area
which depends on the wall-thickness t, the tube radius R and the
material’s mechanical properties E, v and epr as:
c ¼ f1 t;R; E; v; epr
 
: ð27Þ
Using dimensional analysis, the normalized front energy
c0 ¼ c= E eprð Þ2  R
  
can be expressed as:
c0 ¼ f2ðt0;vÞ¼ f2ð0;vÞþ f 02ð0;vÞ  t0 þ
f 002 ð0;vÞ
2
 ðt0Þ2þ f
000
2 ð0;vÞ
6
 ðt0Þ3þ
ð28Þ
It is obvious that the constant term f2(0,v) is zero. For very thin-
walled tubes (t0 	 1), the high-order terms of t0 can be neglected
and we havec 
 f 02ð0;vÞ  t  E epr
 2 ¼ a  t  E ep1 2: ð29Þ
Therefore, the normalized front energy for a cylinder with inter-
faces perpendicular to the z-axis of the tube can be given as
U0frontðt0Þ ¼ 2a  t0; ð30Þ
where the constant a can be determined straightforward from the
solution of 3D elasticity.
The calculated value of U0r L
0
M; t
0  from exact 3D elasticity (Eq.
(23b)) is shown in Fig. 6. We see that when the two interfaces
are far apart, L0M > 1, the plateau value of U
0
rðt0Þ shows a good linear
relation with t0 which agrees well with the linear relation shown in
Eq. (30). In recent work of He and Sun (2009b), Ufront(t) is ﬁrst
termed as the front energy of the macroscopic domain in tube
since its magnitude is proportional to the front area and physically
originates from the misﬁt energy due to the transformation strain
epr along the wall-thickness direction (r-axis). In their paper, the
front energy density contains a characteristic length scale which
scales with the wall thickness.
To summarize, for the equilibrium cylindrical domain in the
thin-walled tubes, the elastic misﬁt energy Us and Ur physically
represent the misﬁt bending energy of the tube (due to the circum-
ferential misﬁt strain ephÞ and the domain front energy (due to the
wall-thickness misﬁt strain epr Þ, respectively.
For relatively thick-walled tubes, the physical meanings of the
two energy terms U0s and U
0
r from 3D elasticity in Eq. (23) become
less clear as compared with the thin-walled tubes. However, we
can simply assume that these two energy terms can still be approx-
imated in the forms of Eqs. (26) and (30) (i.e., bending energy and
front energy) for the thick-walled tubes. This means that, for the
equilibrium cylindrical domain in tubes of arbitrary wall-thick-
ness/radius ratio, U0sðt0Þ is still linearly proportional to (t0)1/2 and
U0rðt0Þ is linearly proportional to t0:
Fig. 5. The solutions of misﬁt energy U0s and U
0
bending for thin-walled tubes: (a) the
variation of U0s and U
0
bending with L
0
M for given t
0 = 0.1; (b) the variation of their plateau
values with t0(<0.3).
Fig. 6. The solutions of misﬁt energy U0r and U
0
front: (a) the variation of U
0
r with L
0
M for
given t0 = 0.1; (b) the variation of their plateau values with t0(< 0.3).
Fig. 7. Comparison between exact solutions and simple explicit expressions of
misﬁt strain energy U0s; U
0
r and U
0
el for the equilibrium cylindrical domain in thin-
and thick-walled tubes (0 < t0 < 1).
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U0rðt0Þ ¼ Cr  t0; ð31bÞ
so that
U0elðt0Þ ¼ U0sðt0Þ þ U0rðt0Þ ¼ Cs  ðt0Þ1=2 þ Cr  t0; ð32Þ
where Cs(= 1/(4b)) and Cr(= 2a) are constants (see Eq. (26) and Eq.
(30)).
Remark 3. For very thin-walled tubes, the Eq. (31) shows that the
ratio U0s=U
0
r is quite large and the bending energy becomes
dominant in total misﬁt energy. This implies that the front
branching will occur which serves to reduce the bending energy
U0s at the expense of increasing the front energy U
0
r . It is supported
by both theoretical analysis (Dong, 2008) and experimental
observations (Feng and Sun, 2006) that the cylindrical domain in
thin-walled tubes in fact only takes either an inclined front or
branched front. We see that the perpendicular front assumption in
this paper is taken only for the purpose of mathematical simplicity.
The issue of branching will be treated separately in the future.
Fig. 7 shows the comparisons between the approximations by
Eqs. (31) and (32) and the exact 3D solutions by Eqs. (23) and (24)
for U0sðt0Þ; U0rðt0Þ and U0elðt0Þ. It is seen that the simple expression
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from the exact solution (Eq. (24)). The differences between the
exact solution of U0sðt0Þ; U0rðt0Þ and the analytical approximations
are very small for relatively thin-walled tubes (t0 < 0.3) and are still
small and acceptable for relatively thick-walled tubes (0.3 < t0 < 1).
Therefore we can conclude that the concepts and expressions of
bending energy and front energy deﬁned for very thin-walled
tubes can also be applied to the thick-walled tubes.
In summary, for the equilibrium cylindrical domain (where
L0M > 2, the two fronts are well separated) in tubes with arbitrary
wall-thickness/radius ratio (i.e., both thin-walled and thick-walled
tubes), the misﬁt strain energy U0s and U
0
r can be approximated as
the function of t0 (independent of L0MÞ and follow the simple scaling
relationship, i.e., U0sðt0Þ ¼ Cs  ðt0Þ1=2 and U0rðt0Þ ¼ Cr  t0. The expres-
sions agree well with the numerical solution from 3D elasticity.4. Energy of an equilibrium helical domain
As shown in Fig. 8(a), the helical domain is characterized by the
following parameters: the orientation angle /(=35o), the number of
helical coils N, the pitch length lp = 2pR tan/ and the width lw = LM/
N of the domain along the axial direction. The physical origin of
above orientation angle can be shown by Mohr’s circle analysis if
we unfold the hz cylindrical surface of the tube into a plane. For
the two principal transformation strains we have epz ¼ 2eph . Across
the domain front and along such an orientation, there is no in-
plane normal strain misﬁt. In other words, the front appears as
an invariant-line when viewed in the tube surface. However, in
the tube wall-thickness direction, there is a strong strain mismatchFig. 8. The helical domain in the tube conﬁguration: (a) the averaged stress-free necking
transformed section of ‘‘effective inclusion’’ with the effective (smeared) overall radial nacross the front, which creates misﬁt strain energy in the near front
region. Therefore, due to the nature of the transformation strains,
the domain front cannot be a habit-plane or invariant-plane as
usually found in some single crystals. For the helical martensite do-
main, the derivation of explicit and simple expressions of bending
energy and front energy directly from 3D elasticity is extremely
challenging mathematically. However, as shown by He and Sun
(2009b), the overall bending energy of the tube due to the helical
domain can be approximately obtained by the ‘‘effective inclusion’’
method (see Fig. 8(b)). In this method, the mixed region of mar-
tensite and austenite phase (partially transformed region) is trea-
ted as an effective transformed section which has a less effective
(smeared) overall stress-free radial necking wtr < wmax1 ¼ Rep1
 
than
the case of cylindrical domain (i.e., fully transformed). The bending
energy U0s caused by e
p
h is mainly stored around the two ends of
partially transformed region. Within the partially transformed re-
gion the major misﬁt energy is the domain front energy U0r caused
by epr . Both the bending energy U0s of the ‘‘smeared cylindrical do-
main’’ and the domain front energy U0r have similar expressions
as Eq. (31).
Using the ‘‘effective cylindrical inclusion’’, the effective overall
stress-free radial necking wtr for the tubes can be expressed aswtr ¼ wmax1 
lw
lp
¼ LM  e
p
1
N  2p tan/ ð33Þin which N should satisfy N < Nmax ¼ L0M=ð2p tan/Þ. Nmax corre-
sponds to the critical state at which the self-merging of the helical
domain happens (lw/lp = 1, see Feng and Sun, 2006).wtrð< wmax1 ¼ Reph at helix merging) due to the presence of a helical domain; (b) the
ecking wtr .
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ing energy due to the helical domain can be expressed as
Us ¼ 2pRt  ðRtÞ
1=2
4b
 E wtr
R
 2
ð34aÞ
and the total front energy of the helical domain can be expressed as
Ur ¼ 4pRtcos/  c  N 

4pRt
cos/
 a  t  E ep1
 2  N: ð34bÞ
Notice that Cs(=1/(4b)) and Cr(=2a) are deﬁned in Section 3.
Now, the nondimensional bending energy and front energy can
be written as
U0s L
0
M ;t
0;N
 ¼Cs  ðt0Þ1=2  wtrRep1
 2
¼Cs  ðt0Þ1=2 
L0M
 2
4p2 tan2/ N2¼Cs  ðt
0Þ1=2 gs;
ð35aÞ
U0r L
0
M ;t
0;N
 ¼Cr  t0  Ncos/¼Cr  t0 gr ; ð35bÞ
where gs, gr are respectively the reduction factor (gs < 1) for the
bending energy U0s and the amplify factor (gr > 1) for the front en-
ergy U0r as compared with the expressions U
0
s and U
0
r of cylindrical
domain (Eq. (31)). Both gs and gr represent the contribution of the
additional parameter N (the number of helical coils) to the misﬁt
energy. It is seen that for given effective domain length L0M
 
and
wall-thickness (t0), the bending energy U0s decreases and the front
energy U0r increases as N increases. It should be noticed that here
N is only a geometrically admissible parameter and is not the num-
ber of helical coils for an equilibrium helical domain (Neq) of given
effective domain length L0M
 
and wall-thickness (t0). The value of
Neq should be determined by minimizing the tube’s energy which
is a function of the nondimensional length scales L0M; t
0 and N.
Remark 4. Since the domain fronts align close to the invariant-line
in the helical domain, the front energy density per unit area should
be lower than that in the cylindrical domain and therefore the
constant Cr in the front energy U
0
r (Eq. (35b)) should be smaller
than that for the cylindrical domain. Since such difference does not
change the nature of the description, we ignore this difference for
simplicity and choose the same constant Cr as that for the
cylindrical domain.
Now the total misﬁt strain energy for the helical domain can be
expressed as
U0el L
0
M; t
0;N
  ¼ U0s L0M; t0;N þ U0r L0M; t0;N 
¼ Cs  ðt0Þ1=2 
L0M
 2
4p2 tan2 /  N2 þ Cr  t
0  N
cos/
: ð36Þ
The number of helical coils Neq of an equilibrium helical domain of
given effective domain length L0M
 
is determined by the energy
minimization principle as:
dU0total
dN
¼ dDU
0
chem
dN
þ dU
0
ext
dN
þ dU
0
el
dN
¼ 0: ð37ÞRemark 5. Thedry-friction typeenergydissipation (i.e., thehysteresis
between the forward and reverse stress plateaus) is not considered in
this paper. The word ‘equilibrium’ we used means the mechanical
equilibrium and the thermodynamic equilibrium in the constrained
sense (see the paper by Rice, 1971; among other literatures). When a
helical domain evolves at the upper force plateau during displacement
controlled loading, the driving force for the domain frontwould not be
zero so the energy minimization principle cannot be used. However,
the energy minimization can still be used to determine the pattern
parameter (like number of helical coils in this paper) in the followingsense: if we unload the specimen from the upper force plateau, the
domain pattern keeps unchanged (i.e., without any further phase
change of the material) until the lower force plateau is reached. We
expect that when the tube is unloaded to a certain point (between the
upper and lower force plateaus) the driving force at all points of
domain frontswould become zero (i.e., on theMaxwell-line), the same
pattern thenwillminimize theenergyof thesystemat thatpoint. In the
sense of such constrained equilibrium, the real domain pattern at
the upper force plateau can still be calculated approximately by the
energy minimization principle.
Noticing that the chemical free energy change DUchem (Eq.(2))
for given martensite volume and the elastic energy of the homoge-
neous case (with zero eigenstrains inX)Uext (Eq. (11)) are ﬁxed and
therefore are not the functions of N, we only need to minimize the
total misﬁt energy (Eq. (36)). This gives
Neq ¼ Cs cos/
2Crp2 tan2 /
 	1=3
 L0M
 2=3  ðt0Þ1=6: ð38Þ
From Eq. (33), we have
lw
lp
¼ L
0
M
Neq  2p tan/ ¼
Cr
4pCs sin/
 	1=3
 L0M
 1=3  ðt0Þ1=6: ð39Þ
It is seen from Eqs. (38) and (39) that both the number of helical
coils Neq and the ratio lw/lp (see Fig. 8(a)) increase as the effective
domain length L0M increases. When lw/lp = 1, the self-merging of heli-
cal domain happens and Neq reaches its maximum N
max
eq which only
depends on t0 as:
Nmaxeq ¼
2Cs cos/
Cr
 ðt0Þ1=2: ð40Þ
Substituting Eq. (38) into Eq. (35), we have the expressions of
the bending and front energy for the equilibrium helical domain as
U0s L
0
M; t
0  ¼ 1
2
CsC
2
r
2p2 sin2 /
" #1=3
 L0M
 2=3  ðt0Þ5=6; ð41aÞ
U0r L
0
M; t
0  ¼ CsC2r
2p2 sin2 /
" #1=3
 L0M
 2=3  ðt0Þ5=6; ð41bÞ
so that
U0el L
0
M ; t
0  ¼ U0s L0M ; t0 þ U0r L0M; t0 
¼ 3
2
CsC
2
r
2p2 sin2 /
" #1=3
 L0M
 2=3  ðt0Þ5=6: ð42Þ
It is seen that, for the equilibrium helical domain, the bending
energy U0s and front energy U
0
r depend on the two nondimensional
length scales L0M and t
0. The bending energy U0s and front energy U
0
r
of the equilibrium helical domain have the same power law depen-
dence on L0M and t
0 and U0r is simply two times of U
0
s.
When the self-merging of helical domain occurs, the number of
helical coils Neq reaches its maximum N
max
eq (see Eq. (40)) and the
corresponding maximum effective domain length L0M
 max for the
equilibrium helical domain can be determined from Eqs. (38) and
(40) as:
L0M
 max ¼ 4p sin/  Cs
Cr
 ðt0Þ1=2: ð43Þ
In summary, for the equilibrium helical domain in tubes, the
normalized misﬁt strain energies U0s and U
0
r follow the same
power law dependence on L0M and t
0 (U0s / L0M
 2=3  ðt0Þ5=6 and
U0r / L0M
 2=3  ðt0Þ5=6). This is the natural and logical consequence
of the total energy minimization of the helical domain with the
introduction of the additional geometric parameter N (i.e., an addi-
tional variable in the energy).
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Based on the above length scale L0M; t
0  dependent energy of
the equilibrium helical and cylindrical domains, we discuss their
energetic preference and the domain selection by comparing their
total energy in the tube system. We demonstrate that the selection
of domains is indeed tube wall-thickness dependent.
Fig. 9 shows the variations of the bending energy U0s, front
energy U0r and total misﬁt energy U
0
el with L
0
M for the equilibrium
helical and cylindrical domains in typical thin-walled (t0 = 0.1)
and thick-walled (t0 = 0.8) tubes, respectively. It can be seen from
Fig. 9(a) that: (1) at relatively small L0M , the total misﬁt energy
for the equilibrium helical domain is lower than that of the
equilibrium cylindrical domain until L0M
 0 ¼ 16p2 sin2 /=h
27CsC
2
r
 i1=2
 Cs  ðt0Þ1=3 þ Cr  ðt0Þ1=6
h i3=2
Þ at which they are equal.
(2) When L0M > L
0
M
 0, the total misﬁt energy for the helical domain
is higher than that of the cylindrical domain, which means that the
cylindrical domain becomes energetically more favorable than the
helical domain. The domain will remain in helical shape (because
of energy barrier) until L0M reaches a critical value L
0
M
 max (Eq.
(43)) at which the helical domain self-merges into a lower-energyFig. 9. The variation of normalized (a) total misﬁt energy U0el , (b) bending energy U
0
s
and (c) front energy U0r with L
0
M for the cylindrical and helical domains (given t
0 = 0.1
and t0 = 0.8).cylindrical domain (note: The merging of a helix into a cylinder is a
kinetic process. Upon further loading, both the length and width of
the helical domain grow, making the two neighboring interfaces
moving closer to each other. When the two interfaces are close en-
ough to ‘‘attract’’ each other, the motion of the fronts is acceler-
ated, leading to the fast annihilation of the neighboring
interfaces. The merging is a kind of instability event that changes
the topology of the domain from helix to cylinder and signiﬁcantly
reduces the domain wall area and the system energy. The readers
are referred to the paper by Feng and Sun (2006) for more details
and He and Sun (2009a) on the kinetics and the associated dissipa-
tion). Moreover, as we can see from Fig. 9(b), as L0M increases, the
bending energy of the cylindrical domain soon reaches its satura-
tion plateau, but the bending energy for the helical domain in-
creases relatively slowly, especially for thin-walled tube. At the
critical effective domain length L0M
 max, the bending energy of heli-
cal domain reaches the plateau because the helix merges into a cyl-
inder. However, the behavior of front energy is very different from
that of bending energy as shown in Fig. 9(c). The front energy for
the helical domain is much larger than that of cylindrical domain
and will increase to a much high level before it drops to the plateau
at L0M
 max due to front merging. Therefore, it’s obvious that the en-
ergy drop in total misﬁt energy at merging in Fig. 9(a) is due to the
drop in front energy from helical domain to cylindrical domain.
Comparing the results of t0 = 0.1 and t0 = 0.8, it is seen that the in-
crease in wall-thickness causes an increase in the total energy level
of the tube. More importantly, it causes a signiﬁcant reduction in
L0M
 0 and L0M max.
Fig. 10 shows the variations of the total misﬁt energy U0el with t
0
for the equilibrium helical and cylindrical domains for given
L0M ¼ 10 and L0M ¼ 20. As we can see, the total misﬁt energy for both
domains increases nonlinearly from zero with t0. The helical
domain is energetically more favorable than the cylindrical domain
when t0 < 0.21 for L0M ¼ 10 and t0 < 0.04 for L0M ¼ 20, while the
cylindrical domain becomes energetically more favorable when
0.21 < t0< 1 for L0M ¼ 10 and 0.04 < t0 < 1 for L0M ¼ 20. The wall-
thickness corresponding to the equal-energy condition of helix
and cylinder domains (i.e., both domains are energetically equally
favorable) is (t0)0 = 0.21 for L0M ¼ 10 and (t0)0 = 0.04 for L0M ¼ 20. The
critical wall-thickness at which the helix? cylinder domain
switching occurs is (t0)max = 0.86 for L0M ¼ 20. For the case
L0M ¼ 10, the helix? cylinder domain switching will not occur for
0 < t0 < 1.Fig. 10. The variation of the total misﬁt energy U0el with t
0 for the cylindrical and
helical domains (given L0M ¼ 10 and L0M ¼ 20).
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 0
; L0M
 max
; ðt0Þ0 and (t0)max can be
summarized as a ‘‘phase diagram’’ in Fig. 11. It is clearly seen that:
(1) For relative thin-walled tubes and small martensite volume,
the martensite domain prefers to nucleate into a helical
domain since the helical domain corresponds to a lower
misﬁt strain energy than the cylindrical domain. This predic-
tion is supported by the experiment of Fig. 1(a) with
t0 ¼ 0:3; L0M 
 4:8 which is located in the energetically
preferred region of helix domain (see the open square in
Fig. 11). Also there are four more sets of data from thin-
walled tube experiments (see the open triangle in Fig. 11)
to support this prediction. With the increase in domain
volume, the helix will grow into its energetically less
favorable region (assume the tube is sufﬁciently long to
remove the end effect) and eventually the helix will merge
into a cylindrical domain due to the self-merging of the
helix.
(2) For relative thick-walled tubes, depending on the value of
L0M , the domain will nucleate and develop into either an equi-
librium helical domain (if L0M is small) or an equilibrium
cylindrical domain (if L0M is large). This prediction is sup-
ported by the experiment of Fig. 1(b) with t0 ¼ 0:5; L0M 
18
which is located in the energetically preferred region of cyl-
inder domain (see the solid square in Fig. 11). Also there are
three more sets of data from thick-walled tube experiments
(see the solid triangle in Fig. 11) to support the prediction.
(3) The helical domain will merge at smaller L0M
 max for thick-
walled tubes and at larger L0M
 max for thin-walled tubes
(see solid line in Fig. 11).
In summary, the energies of the equilibrium helical and cylin-
drical domains and their selection in tube essentially depend onFig. 11. Phase diagram of energetically preferred regions for the cylindrical and
helical domains as a function of the normalized effective domain length L0M and
wall-thickness/radius ratio t0 .the two nondimensional lengths: the normalized effective domain
length L0M and the normalized wall-thickness t
0. The equal-energy
and helix? cylinder merging conditions of the two types of do-
mains are set by two critical functions L0M
 0  ðt0Þ0 (dashed line)
and L0M
 max  ðt0Þmax (solid line) in the phase diagram of Fig. 11.
6. Summary and conclusions
With the increasing application of NiTi microtubes, a compre-
hensive knowledge of both the material behavior and structure
response is needed. Among the many important issues in appli-
cation, the selection of domain patterns in tubes need to be
investigated and understood. Preliminary experiments showed
that the domain selection is strongly wall-thickness dependent.
Therefore, a systematic and quantitative study is necessitated
to address the observed size-dependent domain selection such
as helix? cylinder morphology transition as well as the under-
lying physics. In this paper, we investigated the energetics and
energetic preference of the thermodynamic equilibrium cylindri-
cal and helical domains during phase transition of NiTi tubes un-
der uniaxial quasi-static isothermal stretching. The observed
wall-thickness and martensite volume dependence of domain
patterns were explained through quantitative modeling. Apply-
ing the idea of the Eshelby-type inclusion-matrix system to the
tube conﬁguration, we identiﬁed two misﬁt energy terms in
the tube due to the presence of the domain: bending energy
and front energy. The two energy terms were quantiﬁed numer-
ically by exact 3D elasticity and analytically by elementary shell
theory. In both approaches, the important roles of the two length
scales (the normalized tube wall-thickness t0 = t/R and the nor-
malized effective domain length L0M ¼ LM=RÞ in determining the
two energy terms were emphasized. Under the equilibrium ther-
modynamic framework, the energies of these two possible equi-
librium domains in the tube system were calculated. The
variation of the domain energy with the two length scales and
the possible transition of the two domains were analyzed and
discussed in detail. Understanding of the physics in the above
size-dependent domain selection was achieved. The main con-
clusions are as follows:
 The misﬁt strain energy of the equilibrium cylindrical and heli-
cal domains in tube conﬁguration consists of bending energy
and front energy, and depends on the two nondimensional
lengths: the normalized effective domain length L0M ¼ LM=R
 
and the normalized tube wall-thickness (t0 = t/R). The above
length dependence can be approximated by simple analytical
expressions that have clear physical meanings. For the equilib-
rium helical domain, the bending energy U0s
 
and front energy
U0r
 
follow the same scaling of L0M
 2=3  ðt0Þ5=6 and the front
energy is always twice of the bending energy. For an equilib-
rium cylindrical domain with the fronts perpendicular to the
z-axis, the bending and front energy terms are independent of
L0M and are proportional to (t
0)1/2 and t0, respectively. The singu-
larity in the ratio of the two energy terms (when t0 approaches
0) implies the occurrence of front branching for the case of thin-
walled tube.
 For domains in the tube conﬁguration, the front energy will play
more important role in domainmorphology with the increase in
wall-thickness. For helical domain with given effective domain
length L0M
 
, a thick-walled tube favors a short and thick helix
(with small N) and a thin-walled tube favors a long and slim
helix (with larger N).
 The energetic preference between the equilibrium helical and
cylindrical domains in a given tube (t0) and for a given effective
domain length L0M
 
is determined by their energy levels in the
1074 L. Dong, Q.P. Sun / International Journal of Solids and Structures 49 (2012) 1063–1076tube system. The energetically preferred regions for the helical
and cylindrical domains are given by a phase diagram in terms
of the normalized effective domain length and the normalized
tube wall-thickness. In such a phase diagram, the merging of
domain from helix to cylinder is also identiﬁed.
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Appendix A. Solution of inclusion problem
A.1. Sub-problem I
The displacements of the cylindrical tube have the following
forms
uIr ¼ 0; uIz ¼ Az; for jzj <
LM
2
;
uIr ¼ 0; uIz ¼ A
LM
2
; for z >
LM
2
;
uIr ¼ 0; uIz ¼ A
LM
2
; for z <  LM
2
; ðA1Þ
with A ¼ 2m=ð1 mÞ  ep1 þ ep2.
Accordingly the stresses in the tube are obtained through Eqs.
(16) and (17) as
rIr ¼ rIh ¼ 
Eep1
1 m ; r
I
z ¼ rIrz ¼ 0; for jzj <
LM
2
;
rIr ¼ rIh ¼ rIz ¼ rIrz ¼ 0; for jzj >
LM
2
: ðA2Þ
It is easy to check that the displacement in Eq. (A1) satisﬁes the
governing Eq. (19). But it fails to satisfy the lateral boundary con-
dition (20) for jzj < LM/2. Consider the force balance, the solution
gives
rIrjr¼Rt=2 ¼ p ¼ 
Eep1
1 m > 0; r
I
rzjr¼Rt=2 ¼ 0; for jzj <
LM
2
;
rIrjr¼Rt=2 ¼ rIrzjr¼Rt=2 ¼ 0; for jzj >
LM
2
: ðA3ÞA.2. Sub-problem II
The same long cylindrical tube is subjected to the distributed
pressure p ¼ Eep1=ð1 mÞ > 0 on its inner and outer surfaces over
jzj < LM/2. The lateral boundary condition can be expressed as
rIIr jr¼Rt=2 ¼ p; rIIrzjr¼Rt=2 ¼ 0; for jzj <
LM
2
;
rIIr jr¼Rt=2 ¼ rIIrzjr¼Rt=2 ¼ 0; for jzj >
LM
2
: ðA4Þ
A standard way to solve the axisymmetric elastic problem is to em-
ploy Love’s stress functions /. The stress and displacement compo-
nents expressed by / are
rIIr ¼
@
@z
mr2/ @
2/
@r2
 !
; rIIh ¼
@
@z
mr2/ 1
r
@/
@r
 
;
rIIz ¼
@
@z
ð2 mÞr2/ @
2/
@r2
" #
; rIIrz ¼
@
@r
ð1 mÞr2/ @
2/
@z2
" #
;
uIIr ¼ 
1þ m
E
@2/
@r@z
; uIIz ¼
1þ m
E
2ð1 mÞr2/ @
2/
@z2
" #
; ðA5Þwhere / satisﬁes the bi-harmonic equation r2r2/ = 0.
In order to satisfy the bi-harmonic equation, the stress function
is assumed as
/ ¼ 2pR3
Z 1
0
q1ðkÞ
kr
R
I1
kr
R
 
þ q2ðkÞ
kr
R
K1
kr
R
 
þ q3ðkÞI0
kr
R
 
þ q4ðkÞK0
kr
R
 	
sin
kz
R
 
sin
kLM
2R
 
dk; ðA6Þ
where I0(kr/R), I1(kr/R) are ﬁrst kind modiﬁed Bessel functions of
zero order and ﬁrst order, respectively. K0(kr/R), K1(kr/R) are second
kind modiﬁed Bessel functions of zero order and ﬁrst order,
respectively.
From Eq. (A5), the stress and displacement components can be
expressed as
rIIrz¼2p
Z 1
0
q1ðkÞM11
kr
R
 
þq2ðkÞM12
kr
R
 
þq3ðkÞM13
kr
R
 
þq4ðkÞM14
kr
R
 	
k3 sin
kz
R
 
sin
kLM
2R
 
dk;
rIIr ¼2p
Z 1
0
q1ðkÞM21
kr
R
 
þq2ðkÞM22
kr
R
 
þq3ðkÞM23
kr
R
 
þq4ðkÞM24
kr
R
 	
k3 cos
kz
R
 
sin
kLM
2R
 
dk;
rIIz ¼2p
Z 1
0
q1ðkÞM31
kr
R
 
þq2ðkÞM32
kr
R
 
þq3ðkÞM33
kr
R
 
þq4ðkÞM34
kr
R
 	
k3 cos
kz
R
 
sin
kLM
2R
 
dk;
rIIh ¼2p
Z 1
0
q1ðkÞM41
kr
R
 
þq2ðkÞM42
kr
R
 
þq3ðkÞM43
kr
R
 
þq4ðkÞM44
kr
R
 	
k3 cos
kz
R
 
sin
kLM
2R
 
dk;
uIIr ¼
2ð1þmÞpR
E
Z 1
0
q1ðkÞv11
kr
R
 
þq2ðkÞv12
kr
R
 
þq3ðkÞv13
kr
R
 
þq4ðkÞv14
kr
R
 	
k2 cos
kz
R
 
sin
kLM
2R
 
dk;
uIIz ¼
2ð1þmÞpR
E
Z 1
0
q1ðkÞv21
kr
R
 
þq2ðkÞv22
kr
R
 
þq3ðkÞv23
kr
R
 
þq4ðkÞv24
kr
R
 	
k2 sin
kz
R
 
sin
kLM
2R
 
dk;ðA7Þ
where the expressions of Mij and vij are
M11
kr
R
 
¼  kr
R
I0
kr
R
 
 2ð1 mÞI1 krR
 
;
M12
kr
R
 
¼  kr
R
K0
kr
R
 
þ 2ð1 mÞK1 krR
 
;
M13
kr
R
 
¼ I1 krR
 
; M14
kr
R
 
¼ K1 krR
 
;
M21
kr
R
 
¼ 1 2mð ÞI0 krR
 
þ kr
R
I1
kr
R
 
;
M22
kr
R
 
¼ 1 2mð ÞK0 krR
 
 kr
R
K1
kr
R
 
;
M23
kr
R
 
¼ I0 krR
 
þ R
kr
I1
kr
R
 
;
M24
kr
R
 
¼ K0 krR
 
 R
kr
K1
kr
R
 
;
M31
kr
R
 
¼  4 2mð ÞI0 krR
 
 kr
R
I1
kr
R
 
;
M32
kr
R
 
¼  4 2mð ÞK0 krR
 
þ kr
R
K1
kr
R
 
;
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kr
R
 
¼ I0 krR
 
; M34
kr
R
 
¼ K0 krR
 
;
M41
kr
R
 
¼ 1 2mð ÞI0 krR
 
;
M42
kr
R
 
¼ 1 2mð ÞK0 krR
 
; M43
kr
R
 
¼  R
kr
I1
kr
R
 
;
M44
kr
R
 
¼ R
kr
K1
kr
R
 
;v11
kr
R
 
¼ kr
R
I0
kr
R
 
;
v12
kr
R
 
¼ kr
R
K0
kr
R
 
;
v13
kr
R
 
¼ I1 krR
 
; v14
kr
R
 
¼ K1 krR
 
;
v21
kr
R
 
¼ 4ð1 mÞI0 krR
 
 kr
R
I1
kr
R
 
;
v22
kr
R
 
¼ 4ð1 mÞK0 krR
 
þ kr
R
K1
kr
R
 
;
v23
kr
R
 
¼ I0 krR
 
; v24
kr
R
 
¼ K0 krR
 
: ðA8Þ
In order to satisfy the lateral boundary condition (A4), the un-
known functions q1, q2, q3 and q4 should be determined by the
following equations:
q1ðkÞM21 k 1
t
2R
  	
þ q2ðkÞM22 k 1
t
2R
  	
þ q3ðkÞM23 k 1
t
2R
  	
þ q4ðkÞM24 k 1
t
2R
  	
¼  1
pk4
;
q1ðkÞM11 k 1
t
2R
  	
þ q2ðkÞM12 k 1
t
2R
  	
þ q3ðkÞM13 k 1
t
2R
  	
þ q4ðkÞM14 k 1
t
2R
  	
¼ 0; ðA9Þ
by using the relationZ 1
0
1
k
cos
kz
R
 
sin
kLM
2R
 
dk ¼
p
2 for jzj < LM2
0 for jzj > LM2
(
ðA10ÞA.3. Superposition of the solutions of sub-problems I and II
By superposing the solutions of sub-problems I and II, we obtain
the total displacements and stresses as
ur ¼ uIr þ uIIr ; uz ¼ uIz þ uIIz ;
rr ¼ rIr þ rIIr ; rh ¼ rIh þ rIIh ;
rz ¼ rIz þ rIIz ; rrz ¼ rIrz þ rIIrz: ðA11Þ
The average stress rr ; rh and rz are deﬁned in Eq. (13). It’s easy
to ﬁnd that rz ¼ 0. The other two average stress components can
be expressed as
rr ¼  Ee
p
1
1 mHr
LM
R
;
t
R
 
; rh ¼  Ee
p
1
1 mHh
LM
R
;
t
R
 
; ðA12Þ
where
Hr
LM
R
;
t
R
 
¼ 1þ 4R
2
tLM
Z 1
0
q1ðkÞG21ðkÞ þ q2ðkÞG22ðkÞ þ q3ðkÞG23ðkÞ½
þ q4ðkÞG24ðkÞ sin2
kLM
2R
 
dk;
Hh
LM
R
;
t
R
 
¼ 1þ 4R
2
tLM
Z 1
0
q1ðkÞG41ðkÞ þ q2ðkÞG42ðkÞ þ q3ðkÞG43ðkÞ½
þ q4ðkÞG44ðkÞ sin2
kLM
2R
 
dk: ðA13ÞThe expressions of Gij in Eq. (A13) are
G21ðkÞ ¼ k
2b2
R2
I0
kb
R
 
 ð1þ 2vÞ kb
R
I1
kb
R
 
 k
2a2
R2
I0
ka
R
 
þ ð1þ 2vÞ ka
R
I1
ka
R
 
;
G22ðkÞ ¼ k
2b2
R2
K0
kb
R
 
þ ð1þ 2vÞ kb
R
K1
kb
R
 
 k
2a2
R2
K0
ka
R
 
 ð1þ 2vÞ ka
R
K1
ka
R
 
;
G23ðkÞ ¼ I0 kbR
 
 kb
R
I1
kb
R
 
 I0 kaR
 
þ ka
R
I1
ka
R
 
;
G24ðkÞ ¼ K0 kbR
 
þ kb
R
K1
kb
R
 
 K0 kaR
 
 ka
R
K1
ka
R
 
;
G41ðkÞ ¼ ð1 2vÞ kbR I1
kb
R
 
 ð1 2vÞ ka
R
I1
ka
R
 
;
G42ðkÞ ¼ ð1 2vÞ kbR K1
kb
R
 
þ ð1 2vÞ ka
R
K1
ka
R
 
;
G43ðkÞ ¼ I0 kbR
 
þ I0 kaR
 
;
G44ðkÞ ¼ K0 kbR
 
þ K0 kaR
 
; ðA14Þ
where a(= R  t/2) and b(= R + t/2) are the inner and outer radius of
the tube, respectively.References
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